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Chebotarev link is stably generic
Jun Ueki
Abstract
We discuss the relationship between two analogues in a 3-manifold of the set of prime
ideals in a number field. We prove that if (Ki)i∈N>0 is a sequence of knots obeying
the Chebotarev law in the sense of Mazur and McMullen, then K = ∪iKi is a stably
generic link in the sense of Mihara. An example we investigate is the planetary link of
a fibered hyperbolic finite link in S3. We also observe a Chebotarev phenomenon of
knot decomposition in a degree 5 non-Galois subcover of an A5(icosahedral)-cover.
1. Introduction
In this article we discuss the relationship between two analogues in a 3-manifold of the set of
rational prime numbers. We prove that if (Ki)i∈N>0 is a sequence of knots obeying the Chebotarev
law in the sense of B. Mazur and C. T. McMullen, then K = ∪iKi is a stably generic link in the
sense of T. Mihara.
We assume that any 3-manifold is the complement of a finite link in an oriented connected
closed 3-manifold. A knot K in a 3-manifold M means a tame embedding S1 = R/Z →֒M or its
image with a natural orientation. A link is a countable (finite or infinite) set of disjoint knots.
For any manifold X, we denote the interior of X by IntX.
McMullen [McM13] established a version of the Chebotarev density theorem in which number
fields are replaced by 3-manifolds, answering to Mazur’s question on the existence of Chebotarev
arrangement of knots in [Maz12]. Their definition is described as follows.
Definition 1 (Chebotarev law). Let (Ki) = (Ki)i∈N>0 be a sequence of disjoint knots in a
3-manifold M . For each n ∈ N>0 and j > n, we put Ln = ∪i6nKn and denote the conjugacy
class of Kj in π1(M − Ln) by [Kj ]. We say that (Ki) obeys the Chebotarev law if
lim
ν→∞
#{n < j 6 ν | ρ([Kj ]) = C}
ν
=
#C
#G
holds for any n ∈ N>0, any surjective homomorphism ρ : π1(M−Ln)→ G to any finite group, and
any conjugacy class C ⊂ G. (The left hand side is the natural density of Ki’s with ρ([Kj ]) = C.)
An infinite link K is said to be Chebotarev if it obeys the Chebotarev law with respect to
some order.
On the other hand, Mihara [Mih19] formulated an analogue of idelic class field theory for
3-manifolds by introducing certain infinite links called stably generic links, refining the notion
of very admissible links given by Niibo and the author [Nii14, NU19], and gave a cohomological
interpretation of our previous formulation. Here we describe the definition of a stably generic
link, only using ordinary terminology of low dimensional topology:
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Definition 2 (stably generic link). Let M be a 3-manifold and K 6= ∅ a link. The link K is said
to be generic if for any finite sublink L of K, the group H1(M −L) is generated by components
of K−L. The link K is said to be stably generic if for any finite sublink L of K and for any finite
branched cover h :M ′ →M branched over L, the preimage h−1(K) is again a generic link of M ′.
Now we present our main theorem of this article:
Theorem 3. Let (Ki) be a sequence of disjoint knots in a 3-manifold M obeying the Chebotarev
law. Then the link K = ∪iKi is a stably generic link.
We first carefully observe the behavior of knots in a finite cover which is not necessarily Galois
and prove Lemma 5 in Section 2. Afterward, we prove Theorem 3 in Section 3.
We remark that the set of prime ideals of the ring of integers of a number field is “stably
generic” rather a priori (Remark 10). Therefore, Theorem 3 tells that the Chebotarev law in a
3-manifold implies more than what it does in number theory.
McMullen proved that sequences of knots (Ki) = (Ki)i∈N>0 given in Examples 4 below obey
the Chebotarev law [McM13, Theorems 1.1, 1.2]. The union K = ∪iKi of such (Ki) is a stable
generic link by our Theorem 3.
Examples 4. (1) Let X be a closed surface of constant negative curvature, let M = T1(X)
denote the unit tangent bundle, and let (Ki) denote the closed orbits of the geodesic flow in M ,
ordered by length.
(2) Let (Ki) be the closed orbits of any topologically mixing pseudo-Anosov flow on a closed
3-manifold M , ordered by length in a generic metric. (We consult [Fen08, Cal07] for terminology
and basic facts related to pseudo-Anosov flows.)
In [McM13], in order to connect symbolic dynamics to finite branched covers, he proved an
important lemma that assures that every conjugacy class of G is presented by a closed orbit,
and invoked the notion of a Markov section. Then he applied a Chebotarev law for dynamical
setting, which was proved by Parry–Pollicott [PP90, Theorem 8.5] with use of a method of
Artin L-functions. We note that special cases of (1) and (2) were initially proved to obey the
Chebotarev law by Adachi and Sunada in [Sun84, Proposition II-2-12] and [AS87, Proposition
C], the latter being related to topological entropy.
In Section 4, we examine an example contained in (2) called the planetary link K of a fibered
hyperbolic finite link L in S3, that is, the periodic orbits of the suspension flow of the monodromy
map of L. By virtue of McMullen’s theorem [McM13, Theorem 1.2] together with the Nilsen–
Thurston uniformization theorem ([Thu86, Theorem 0.1]), the union K∪L obeys the Chebotarev
law, if ordered by length (Proposition 12). For any finite sublink L′ ⊂ K, the union L ∪ L′ is
again hyperbolic (Proposition 13). Moreover, such K ∪ L is stably Chebotarev (Proposition 15).
In addition to the Chebotarev law, the planetary link sometimes has another very noteworthy
property. Ghrist and others proved that if a link L belongs to a certain large class of links
containing the figure-eight knot, then the planetary link of L contains every links [Ghr97, GHS97,
GK04]. Hence we have a sequence (Ki) of knots containing every isotopy class of links and obeying
the Chebotarev law (Proposition 17). Moreover, as formulated by Kopei in [Kop06], this example
satisfies an analogue of the product formula
∏
p |a|p = |a|∞ (a ∈ Q), where p runs through all
the prime numbers and |a|p denote the p-adic norm with |p|p = p
−1. Therefore, the planetary
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link would give a fundamental setting, when we establish an analogue of number theory on
3-manifolds.
In Section 5, we further study non-Galois covers, and observe an example of Chebotarev
phenomena in an analogue of a quintic field. We first prove the coincidence of the decomposition
type of a knot and the cycle type of the monodromy permutation (Proposition 20), which is an
analogue of Artin’s argument in [Art23]. Then we examine the density of knots in a Chebotarev
link of each decomposition type in a degree 5 subcover of an A5(icosahedral)-cover.
For a sequence of knots ordered by length and obeying the Chebotarev law, we may define
analogues of Artin L-functions (cf. [Sun84, AS87, Sun88, PP90]). In addition, Mihara’s refinement
allows us to study analogues of ray class fields. We expect that Theorem 3 would play a key role to
expand an analogue of ide`lic class field theory for 3-manifolds, in a direction of analytic number
theory, with ample interesting examples. Another analogue in a more general setting are due to
J. Kim (see ver.1 of [Kim18]) and others [KMNT19].
2. Knots in a finite non-Galois cover
In this section, we carefully observe the behavior of knots in a finite cover which is not necessarily
Galois (regular), and obtain the following lemma.
Lemma 5. Let h : N →M be a finite (unbranched) cover of 3-manifolds and K ⊂M a knot.
(1) Let K ′ be a connected component of h−1(K) in N . If the restriction map h|K ′ : K
′ → K
is a bijection, then the conjugacy classes satisfy h∗([K
′]) ⊂ [K] in π1(M).
(2) If k ∈ [K] ∩ h∗(π1(N)) 6= ∅, then there exists some connected component K
′ of h−1(K)
such that h|K ′ : K
′ → K is a bijection and k ∈ h∗([K
′]) holds.
We have an analogue of the Hilbert ramification theory for Galois branched covers of 3-
manifolds, in which we describe the behavior of prime ideals and knots using the language of
fundamental groups ([Uek14]). For a non-Galois cover h : N → M and a knot K in M , the
covering degrees of the restriction maps h|K ′
i
: K ′i → K for components of h
−1(K) = ∪iK
′
i does
not necessarily coincide with each other. In order to prove the theorem, we need to care such a
case.
We first prepare some basics. We assume that any 3-manifold X is equipped with a base
point bX . A path γ = γ(t) in X is a continuous map γ : [0, 1] → X or its image. We denote the
inverse path γ of γ, which is defined by γ(t) := γ(1− t). A loop l = l(t) in X is a path satisfying
l(0) = l(1) = bX .
Let K be a knot in a 3-manifold X and let γ be a path with γ(0) = bX and γ(1) ∈ K. Then
a loop lγ is obtained as the composite of γ, K, and γ. Each element k of the conjugacy class [K]
of K in π1(X) is presented by such a loop lγ for some γ.
If h : N → M is a cover of 3-manifolds, we assume h(bN ) = bM so that there is a natural
injective homomorphism h∗ : π1(N) → π1(M). Let g : (Z, bZ) → (M, bM ) be a continuous map
from a connected compact manifold with a base point. A continuous map g˜ : Z → N satisfying
h◦ g˜ = g is called a lift of g with respect to h. We have a well-known lifting criterion (See [Hat02,
Propositions 1.33, 1.34]):
Lemma 6. Let h : (N, bN )→ (M, bm) be a (unbranched) cover of 3-manifolds (here we explicitly
write the base points) and let g : (Z, bZ) → (M, bM ) be a continuous map from a connected
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compact manifold with a base point. Then there exists a lift g˜ of g if and only if g∗(π1(Z)) <
h∗(π1(Y )) holds. For each b ∈ h
−1(bM ), a lift g˜ satisfying g˜(bZ) = b is unique.
Proof of Lemma 5. (1) Let k′ ∈ [K ′] and let γ′ be a path inM with γ′(0) = bN and γ
′(1) ∈ K ′
such that the composite loop lγ′ of γ
′, K, and γ′ presents k′. Put γ := h ◦ γ′. Then we have
γ(0) = bM and γ(1) ∈ K holds, and the composite loop lγ of γ, K, γ presents some k ∈ [K]. If
f is the covering degree of h|K ′ : K
′ → K, then h∗(k
′) = kf holds. By the assumption we have
f = 1, and hence h∗(k
′) = k holds. Since any conjugate of k′ maps to a conjugate of k, we have
h∗([K
′]) ⊂ [K].
(2) Let k ∈ [K] ∩ h∗(π1(N)). Then there is a path γ in M with γ(0) = bM and γ(1) ∈ K
such that the composite loop lγ of γ, K, and γ presents k. Let l˜γ denote the lift of lγ with
l˜γ(0) = bN . Since k ∈ h∗(π1(N)), the lifting criterion (Lemma 6) assures that l˜γ is again a loop.
Let γ˜ denote the lift of γ with γ˜(0) = bN and let K
′ denote the connected component of h−1(K)
such that γ˜(1) ∈ K ′. Then l˜γ is the composite loop of γ˜, K
′, and γ˜. Therefore the restriction
map h|K ′ : K
′ → K is a bijection and k ∈ h∗([K
′]) holds. K
3. Proof of the theorem
In order to prove Theorem 3, we first introduce the notion of a weakly Chebotarev link:
Definition 7. Let M be a 3-manifold and K = ∪i∈N>0Ki a countable link. The link K in M is
said to be weakly Chebotarev if for any surjective homomorphism ρ : π1(M) ։ G to any finite
group, any conjugacy class C of G is the image ρ([Ki]) of the conjugacy class [Ki] ⊂ π1(M) of
some component Ki of K.
Lemma 8. If a link K = ∪iKi in a 3-manifold M is weakly Chebotarev, then H1(M) is generated
by components of K.
Proof. Otherwise there is a surjective homomorphism π1(M)։ H1(M)։ Z/pZ for some prime
number p such that the image of any conjugacy class [Ki] is zero, being contradiction. K
The following is a key lemma to prove the theorem.
Lemma 9. If K = ∪iKi in M is weakly Chebotarev, then for any finite (unbranched) cover
h : N →M , the preimage K′ = ∪jK
′
j of K is again weakly Chebotarev.
Proof. Let ρ : π1(N)։ G be any surjective homomorphism onto a finite group and let C be any
conjugacy class of G. We will prove that there exists some K ′j ⊂ N satisfying C = ρ([K
′
j ]). Let
L′ be a loop in N with C = ρ([L′]). We may assume that the restriction map h|L′ is injective, by
moving L′ a little if necessary. If we put L := h(L′), then we have h∗([L
′]) ⊂ [L] by Lemma 5 (1).
Let Γ denote the maximal normal subgroup of π1(M) contained in Ker(ρ). Then Γ is again of
finite index. Let q : π1(M) ։ π1(M)/Γ and q
′ : π1(N) ։ π1(N)/Γ denote the quotient maps.
Since K = ∪Ki is weakly Chebotarev and q is a surjective homomorphism onto a finite group, we
have q([L]) = q([Ki]) for some Ki. Let l ∈ [L
′]. Since h∗([L
′]) ⊂ [L], we have h∗(l) = kg for some
k ∈ [Ki] and g ∈ Γ. Since k = h∗(l)g
−1 ∈ h∗(π1(N)), by Lemma 5 (2), there exists some connected
component K ′j of h
−1(Ki) such that the restriction h|K ′
j
: K ′j → K is a bijection and k ∈ h∗([K
′
j ])
holds. Hence q′(l′) is a common element of q′([L′]) and q′([K ′j ]) in π1(N)/Γ. Since [L
′] and [K ′j ] are
conjugacy classes in π1(N), so are [L
′] and [K ′j ] in π1(N)/Γ. Therefore we have q
′([L′]) = q′([K ′j ])
in π1(N)/Γ. Since ρ factors through q
′, we obtain C = ρ([L′]) = ρ([K ′j ]) in G. K
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Proof of Theorem 3. Suppose that a sequence (Ki)i∈N>0 of knots in a 3-manifold M satisfies
the Chebotarev law. Let n ∈ N>0 and put Ln = ∪i6nKi. Then the link K − Ln in M − Ln is
weakly Chebotarev.
Let h : N → M be any finite branched cover branched along some finite sublink L of K in
M , and let L′ be any finite sublink of the preimage h−1(K) in N . Then the union L ∪ h(L′) is
contained in Ln for some n. Put X =M −Ln and Y = N − h
−1(Ln), and let h : Y → X denote
the restriction of h to the exteriors. Since K − Ln in M − Ln is weakly Chebotarev, by Lemma
9, the preimage h−1(K − Ln) in Y is again weakly Chebotarev. By Lemma 8, components of
h−1(K−Ln) generates H1(Y ), and hence components of h
−1(K)−L′ generates H1(N). Therefore
h−1(K) is a generic link of N , and K is a stably generic link. K
We remark that the initial idea of this proof was due to McMullen. He first claimed in his
E-mail that a Chebotarev link would be very admissible in the sense of [NU19], contrary to
the author’s suspicion. Although his idea was applicable only for Galois covers, it exceedingly
enhanced the author. Mihara also gave several essential comments to refine the proof.
Remark 10. Let us examine the condition of “stably generic” in number theory. Let k be any
number field and S a finite set of prime ideals of the ring Ok of integers of k. Then by virtue
of [Neu99, Chapter VI, Theorems 6.6 and 7.1] connecting ideal theoretic and ide`le theoretic
class field theories via the notion of ray class groups, the Galois group Gal(kabS ) of the maximal
abelian extension of k unramified outside S is topologically generated by the set of images of (the
Frobenius elements of) prime ideals outside S, namely, the set SpecOk of prime ideals of Ok is
“generic”. Since this condition holds for any finite extension F/k, we see without any additional
argument that the set SpecOk is “stably generic”. This fact is based only on an algebraic side
of number theory, apart from an analytic side containing the Chebotarev law. In this sense,
Theorem 3 tells that the Chebotarev law in a 3-manifold implies more than what it does in
number theory.
4. The planetary link
In this section, we investigate the planetary link of a fibered hyperbolic finite link L in S3,
which is an example of Chebotarev link, and ask several questions. Typical examples of fibered
hyperbolic links are the figure eight knot, the Whitehead link, and the Borromean ring.
We first define the planetary link K of a fibered finite link L in S3, following Birman and
Williams [BW83].
Definition 11. A finite link L in S3 is fibered if there is a fibration f : S3 − L → S1 with
fiber the interior of a Seifert surface Σ. This induces a self diffeomorphism ϕ on Σ called the
monodromy. The suspension flow of ϕ on S3 − L is equivalent to that obtained by integrating
the gradient ∇f . By Thurston’s classification theorem of surface diffeomorphisms [Thu86], we
can speak of “the” fibration of L. The planetary link K of a fibered finite link L is the set of
periodic orbits of this flow.
The following proposition is a partial generalization of [NU19, Theorem 2.3]. It is obtained
similarly to the note just below [McM13, Corollary 1.3], as a corollary of [McM13, Theorem 1.2].
Proposition 12. Let L be any fibered hyperbolic finite link in S3 and let K denote the planetary
link of L. Then the union K ∪ L obeys the Chebotarev law, if ordered by length with respect to
a generic metric.
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Proof. A celebrated theorem by W. P. Thurston [Thu86, Theorem 0.1] asserts that for an
automorphism ϕ of a compact surface Σ of negative Euler characteristic, the interior of the
mapping torusMϕ = Σ×R/(x, t) ∼ (ϕ(x), t+1) admits a complete hyperbolic structure of finite
volume if and only if ϕ is a pseudo-Anosov map.
Since L is a fibered link, the complement S3 − L is homeomorphic to the interior of the
mapping torus Mϕ of the monodromy map ϕ on a Seifert surface Σ of L. Since L is hyperbolic,
IntMϕ ∼= S
3 − L admits a (unique) complete hyperbolic structure, and Thurston’s theorem
assures that ϕ is a pseudo-Anosov map. Therefore the suspension of ϕ is a pseudo-Anosov flow
on S3 − L.
Since the boundary of Σ is stable under ϕ (but not fixed), the flow on S3−L naturally extends
to S3, and L itself becomes a set of closed orbits. Now [McM13, Theorem 1.2] asserts that the
set (Ki) of closed orbits of the flow on S
3 obeys the Chebotarev law, if ordered by length with
respect to a generic metric. K
The following Proposition is obtained in a similar way to Miller [Mil01, Proposition 4.2].
Proposition 13. Let L be a fibered hyperbolic finite link in S3 and let K denote the planetary
link of L. Then for any finite sublink L′ of K, the union L ∪ L′ is again hyperbolic.
Proof. Let Σ be a Seifert surface of L and let ϕ denote the monodromy map on Σ. Put Σ′ :=
Σ − L′ and Σ′′ := Σ − IntVL′ , where VL′ is a tubular neighborhood of L
′. Since L′ consists of
periodic orbits of ϕ, the map ϕ restricts to Σ′. Let ψ : Σ′
∼=
→ IntΣ′′ be a homeomorphism, and put
ϕ′ := ψ ◦ϕ◦ψ−1 . Then h′ is a pseudo-Anosov map on the interior of Σ′′, which naturally extends
to the boundary of Σ′′. Let M ′ϕ and M
′′
ϕ′ denote the mapping tori of ϕ and ϕ
′ acting on Σ′ and
Σ′′ respectively. Then we have homeomorphisms among S3 − L ∪ L′, IntM ′ϕ, and IntM
′′
ϕ′ . Since
ϕ′ is a pseudo-Anosov map on Σ′′, again by virtue of Thurston’s theorem [Thu86, Theorem 0.1],
the interior IntM ′′ϕ′ admits a complete hyperbolic structure, and hence so does S
3 − L ∪ L′. K
In what follows we introduce the notion of a stably Chebotarev link, which is slightly stronger
to that of a Chebotarev link, and give another partial proof of Theorem 3.
Definition 14. We say a sequence (Ki)i of knots in a 3-manifold M is stably Chebotarev if for
any finite branched cover h : N → M branched along some finite sublink L of K = ∪iKi, the
preimage h−1(K − L) = ∪jK
′
j with some order obeys the Chebotarev law.
Proposition 15. Any link obeying the Chebotarev law in Examples 4 (2) due to [McM13,
Theorem 1.2] is a stably Chebotarev link.
Proof. Let (Ki) be a set of knots obeying the Chebotarev law in Examples 4. Let h : N →M a
finite branched cover branched along a finite sublink L of K := ∪iKi and let h : Y → X denote
the restriction to the complement of h−1(L). Since L consists of periodic orbits, the topologically
mixing pseudo-Anosov flow on X lifts to Y and extends to N . Now [McM13, Theorem 1.2] asserts
that K′ again obeys the Chebotarev law if it is ordered by length. K
Since a Chebotarev link is generic, a stably Chebotarev link is stably generic. Therefore,
Proposition 15 reproves Theorem 3 for links given in Example 4 (2).
Question 16. We wonder whether the following are true.
(1) Any sequence of knots (Ki) in a 3-manifold M obeying the Chebotarev law is stably
Chebotarev.
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(2) In addition, let h : N →M be a finite branched cover. Let K′ = ∪Kj be the preimage of
K = ∪Ki with suffix j ∈ N>0 and denote h(j) = i if h(K
′
j) = Ki. Then (K
′
j) again satisfies the
Chebotarev law if (i) (K ′j) is ordered so that k < l =⇒ h(k) 6 h(l) holds, or if (ii) (K
′
j) is again
ordered by length.
Birman and Williams [BW83] conjectured that the planetary link of the figure-eight knot does
not contain a figure-eight knot. However, Ghrist and others proved that for a link L in a large
class of links containing the figure-eight link, the planetary link of L contains every isotopy class
of links, by developing a theory of universal template ([Ghr97, Theorem 4], [GHS97, Remark
3.2.20], [GK04]). Their class contains the figure-eight link, the Whitehead link, the Borromean
ring, and every fibered non-torus 2-bridge knot. Therefore we obtain another generalization of
[NU19, Theorem 2.3]:
Proposition 17. There exits a sequence (Ki) of knots containing every isotopy class of links
and obeying the Chebotarev law.
Ghrist and Kin conjectured in [GK04] that if the monodromy of L is “too twisted”, then
the planetary link of L does not contain every link. There are several other ways to construct
a universal template, giving an infinite link containing every link (e.g., [Kin00]). Now we would
like to (re-)ask the following questions, due to our interests in Arithmetic Topology.
Question 18. (1) Does the planetary link of any fibered hyperbolic finite link L contain every
isotopy class of links? (This is asked in [GK04].)
(2) Is there any other example of an infinite link obtained from a universal template and
obeying the Chebotarev law?
5. Decomposition type of knots
In this section, we extend the study on non-Galois covers in Section 2 to describe the decompo-
sition types of knots in a group theoretical way, and apply the Chebotarev law for an analogue
of a quintic field, that is, a non-Galois number field extension of degree 5 with the Galois group
being A5.
Definition 19. (1) For each n ∈ N>0, we denote the n-th symmetric group by Sn and the n-th
alternating group by An. The cycle type of σ ∈ Sn is (f1, · · · , fr) if it is the product of disjoint
cycles of length f1 > · · · > fr.
(2) For a finite cover h : N → M and a knot K ⊂ M , the decomposition type of K in h
is (f1, · · · , fr) if the inverse image of K consists of r components as h
−1(K) = ∪16i6rKi with
fi = deg(h : Ki → K) for i = 1, · · · , r and f1 > · · · > fr.
Let h : (N, bN ) → (M, bM ) be a finite (unbranched) cover, which is not necessarily Galois.
In order to make our argument clear, we recall an important left action of π1(M) on h
−1(bM ) =
{b1, · · · , bn} with b1 = bN called the monodromy action, which is different from the natural
Galois action on the left defined only if h is Galois. (A standard reference is [Hat02, p.68–70].)
For a homotopy class γ of paths with fixed endpoints, we denote by γ(0) and γ(1) the
starting point and the terminal point respectively. The universal cover M˜ → M is identified
with the space of homotopy classes γ of paths with fixed endpoints and with γ(0) = bM . Put
H := h∗(π1(N)) < π1(M) and identifyN with the spaceH\M˜ of right cosetsHγ with γ ∈ M˜ . For
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each bj, take γj ∈ M˜ with bj = Hγj , that is, the lift γ˜j to N with b1 = γ˜j(0) satisfies bj = γ˜j(1).
Then the monodromy action is defined as the composite of the isomorphism π1(M)
∼=
→ π1(M)
op =
π1(M); γ 7→ γ
−1 and the natural transitive right action (Hγj)γ = Hγjγ for each γ ∈ π1(M).
This action induces a homomorphism ρ : π1(M) → Aut(h
−1(bM )) ∼= Sn called the monodromy
permutation. We have ρ(γ)(bj) = Hγjγ
−1.
Let K ⊂ M be a knot with bM ∈ K, put h
−1(K) = ∪16i6rKi, and let z ∈ π1(M) denote
the homotopy class presented by the oriented loop K. For any i and j with bj ∈ Ki, the point
ρ(z)(bj) is the terminal point of the lift of γjz
−1 starting at b1, hence ρ(z)(bj) ∈ Ki holds. Note
that the lift κ = κ(t) to N of the inverse of the loop K with κ(0) = bj satisfies κ(1) = ρ(z)(bj).
If H is a normal subgroup of π1(M), on the other hand, the Galois action of π1(M) on N
is defined to be the natural left action given by γ′(Hγ) = γ′Hγ′−1γ′γ = Hγ′γ, inducing the
identification Gal(h) ∼= h∗(π1(N))\π1(M) = π1(M)/h∗(π1(N)). For K, z, bj , and Ki being as
above, the point zbj is well-defined and is the terminal point of the lift of zγj starting at b1, so
that zbj is not necessarily on K
′.
We can replace M˜ → M and π1(M) by a finite Galois cover h˜ : W → M factoring through
h : N → M and G = Gal(h) in the definitions and argument above. Now we easily obtain
the following proposition, which is an analogue of Artin’s argument in [Art23] (see also [Tak48,
Chapter 16.2, Theorem 2]).
Proposition 20. Let h˜ : W → M be a finite (unbranched) Galois cover with G = Gal(h˜), and
h : N → M a subcover of degree n, which is not necessarily Galois. Let ρ : G → Sn denote the
monodromy permutation induced by putting h−1(bM ) = {b1, b2, · · · , bn} with b1 = bN .
Let K ⊂ M be a knot and let z ∈ G be an element of the image of the conjugacy class
[K] ⊂ π1(M) of K under the natural homomorphism π1(M) ։ π1(M)/h˜∗(π1(W )) ∼= G. Then
the cycle type of ρ(z) is (f1, · · · , fr) if and only if the decomposition type of K in h is (f1, · · · , fr).
Proof. Since the cycle type of σ ∈ Sn is stable under conjugate, we may assume bM ∈ K and
that z is presented by the loop K. Let h−1(K) = ∪16i6rKi. The observation of the monodromy
permutation above assures that ρ(z) permutes bj’s on each Ki cyclically, and the length of each
cycle in the cycle decomposition of ρ(z) coincides with fi = deg(h : Ki → K). K
Remark 21. Let H < G denote the subgroup corresponding to h : N →M . Suppose that w/k
is a finite Galois extension of number fields with G = Gal(w/k) and l/k is the fixed subextension
of H < G. Then an analogue of h−1(bM ) = {b1, · · · , bn} is the set of conjugates of l/k, or more
precisely, the set Homk(l, w). The monodromy permutation G→ Sn of l/k is defined in a similar
way, at least in a group theoretic sense. The element z in the proof above is an analogue of the
Frobenius element of an unramified prime, generating the decomposition group of the component
K ′ of h˜−1(K) with bW ∈ K
′. Noting that the subcover h′ : W → N is Galois and using the notion
of the decomposition groups in the Hilbert ramification theory ([Mor12, Chapter 5], [Uek14]), we
can describe the proof in a more parallel way to the one in number theory.
Example 22. Let K = ∪iKi be the planetary link of the figure-eight knot in S
3, obeying the
Chebotarev law. Let L be a trefoil in K, and put M = S3 − L. We have a well-known surjective
homomorphism τ : π1(M) ։ A5. Let h˜ : W → M denote the corresponding A5-cover. (Then
the Fox completion W of W is a Poincare´ 3-sphere. cf. [Rol90].) Let H < Gal(h) ∼= A5 be any
subgroup of index 5, and let h : N → M denote the corresponding subcover of degree 5. The
kernel Ker(ρ) of the monodromy permutation ρ : A5 → S5 coincides with the normalizer of H
in A5. Since A5 is a simple group, Ker(ρ) = {id} holds and ρ is an injection. By Proposition
8
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20 together with the Chebotarev law applied for the composite ρ′ : π1(M) ։
τ
A5
∼=
→
ρ
Im(ρ), the
number of elements of A5 of each cycle type and the natural density of Ki’s of each decomposition
type are given as follows.
(cycle/decomposition) type (1,1,1,1,1) (2,2,1) (3,1,1) (5)
number of elements of A5 1 15 20 24
density of knots in K 1/60 1/4 1/3 2/5
Here, a knot of decomposition type (1,1,1,1,1) is totally decomposed and that of (5) is totally
inert. The natural density of Ki’s with property P is defined by lim
ν→∞
#{i 6 ν | Ki satisfies P }
ν
.
Artin L-functions of symbolic flows due to Parry–Pollicott [PP90] are regarded as that of
Chebotarev links. We can also discuss an analogue of Artin’s argument in [Art23] with use of
L-functions associated to the setting in Example 22.
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